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AN EVALUATION OF EFFECTS OF FLEXIBILITY ON WING STRAINS IN ROUGH

AIR FOR A

LARGE SWEPT-WING AIRPLANE BY MEANS OF

EXPERIMENTALLY DETERMINED FREQUENCY-RESPONSE FUNC-
TIONS WITH AN ASSESSMENT OF RANDOM-PROCESS
TECHNIQUES EMPLOYED !

By Tuomas L. CoLemay, Harry Prisg, and May T. MEspows

SUMMARY

DPower spectral methods of analysis are applied
to flight test measurements of the strain responses
of a large swept-wing bomber airplanc in rough
air in order to determine the effects of airplane
structural dynamics on the strain responses. Power
spectra and  frequency-response functions of the
strain responses are determined and compared with
the estimated results for a quasi-static reference
airplane condition. The results obtained indicate
that the bending and shear strain responses are
significantly amplified in rough air because of the
eflect of structural dynamies by an amount that
varies from 10 to 20 percent at the root to about 100
percent at the midspan station.  The amplifications
appear to be larger for the high-altitude tests than
Jor the low-altitude tests. The amplifications of
strains appear to be predominantly associated with
the ercitation of the first wing-bending mode,
although at the outboard stations and particularly
Jor the shear strains significant effects also are
wmiroduced by high-frequeney structural modes.

The determination of airplane frequency-response
Junctions for responses to atmospheric turbulence
Jrom measurements in continuous rough air involres
a relatively new application of random-process
techniques. The results obtained appear to be
subject to crrors from a wide number of sources
which give rise to distortions and sampling errors.
A general analysis of the reliability of such frequency-
response funetion estimates is presented and methods
of estimating the distortions and sampling errors

are developed.  These methods are applied to the
data in order to establish the reliability of the present
results.  The results indicate that with due precau-
tion reliable estimates of frequency-response functions
can be obtained.

INTRODUCTION

The effects of airplane flexibility on the airplane
loads and structural strains due to rough air
are of major concern in the design of many
modern airplanes.  This subject has been under
continual study during at least the past decade,
and many useful results have been obtained both
i experimental and analytieal studies. For the
case of large unswept-wing airplanes in subsonic
flight, experimental studies (refs. 1 to 3) have
indieated that the effects of flexibility could give
rise to substantial amplifications in the strains in
rough air. In addition, analytic studies based
on power spectral techniques incorporating rela-
tively simple acroclastic analysis involving one
or two symmetrical wing-bending modes have
yielded good correlation with the fight-test
results.  (See refs. 4 and 5.)

With the increase of speeds into the high
subsonic and supersonie regions and the associated
introduction of new plan forms, particularly
swept wings, the problems of acroclastic response
become both more important and more complex.
For these airplanes, static acroelastic deformations
give rise to significant changes in the airplane
acrodynamics and stability. In addition, the

! Supersedes NACA Technical Note 4291 by Thomas I.. Coleman, Harry Press, and May T. Meadows, 1958,
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dynamic acroelastic behavior may be cxpected
to involve significant acrodynamic twist due to
bending.

As a part of the investigation of the acroclastic
behavior of swept wings in rough air, a flight
investigation involving a large flexible swept-wing
airplane was recently undertaken. The initial
results obtained on the overall effects of wing
flexibility on the strains as measured by the root-
mean-square strain values and counts of peak
strains have been presented in references 6 and 7.
Tn addition, a few initial experimentally deter-
mined  frequency-response  functions for the
wing-bending strain  responses  are given in
reforence 8. The present paper extends the
results of references 6 to 8 and presents a more
comprehensive treatment of the flight-test results
in regard to the effects of aeroclasticity on the
structural strains in rough air.

One of the objectives of the present analysis is
the evaluation of the effects of airplane flexibility
on the wing strain responses to vertical gusts.
For this purpose, power spectra of the measured
strain responses at various spanwise stations are
determined and compared with the estimated
strain power spectra for a quasi-static reference
airplane condition. However, the measured power
spectra appear to be subject to crrors arising
from the effeets of extraneous “noises” such as
strain responses due to side gusts and the effects
of reading errors. Thercfore, the test measure-
" ments were also used in order to determine the
frequency-response functions for the strain re-
sponses  to  vertical These {requency-
response [unctions are also compared with the
strain frequency-response functions for a quasi-
static reference condition in order to establish the
effects of the dynamic flexibility on the strains in
a more reliable manner.  The frequency-response
functions appear to be less sensitive to the effects
of noise, to describe the response characteristics
of the airplane independently of the gust input,
and also to have a number of other applications;
they may be directly compared with the results
of analytic calculations and thus serve as a guide
to the reliability of such calculations; and they
may be used for computing responses to arbitrary
gust inputs of a specified or random nature.

A second objective of the present paper is to
present a general analysis of the reliability of

gusts.

power spectra and frequency-response estimates
obtained by random-process techniques, par-
ticularly as these are affected by noises.  These
results have general application to gust response
problems as well as other acronautical problems.
They are also specifically applied to the interpreta-
tion of the results obtained in the analysis of the
present test data.

The present paper is presented in (wo parts. In
the first part random-process techniques are
applied to the flight-test data in order to determine
the various power spectra and frequency-response
functions. The second part is devoted to the
reliability of the techniques and presents a general
analysis of the effects of various types of noises on
the measured power spectra and the frequency-
response functions. The results obtained are
applied to the flight-test data to assess the re-
liability of the power spectra and the frequency-
response functions obtained.

SYMBOLS

a, normal acccleration, ¢ units or
[t /sec?

b airplane span, {t

e ) co-power spectrum

[ mean acrodynamic chord

E, percent sampling error in ampli-
tude of frequency-response fune-
tion

I, sampling error in phase of fre-
quency-response function

Kl bending stiffness

S frequency, cps

F(w) frequency-response  function  of
prewhitening operation

g aceeleration due to gravity

GJ torsional stiffness

I ) frequency-response function

() estimate of frequency-response
function obtained by cross-spee-
trum method

Ir( ) estimate of frequeney-response
function obtained by spectrum
method

hy i, &, m, } indices

n, p,q

{ distance from center of gravity of
airplane to angle-of-uttack vane,
ft

L scale of turbulence, ft

f—_f"'_'"'f"“"“"""i
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m number of lags used in caleulations
for auto- or cross-correlation
function

n number of observations in sample
of time series

n(f) noise signal

q(w) quadrature spectrum

R.(7) atto-correlation funetion

R..(7) cross-correlation function

R, designates sum of lagged products
used to estimate auto- or cross-
correlation function

R[ 1 designates real part of term in
brackets

t time, sec

T specified time, sec

At time increment between successive
readings of time history, sce

T airspeed, ft/sec

w, airplane vertical velocity, ft/sec

w,, W vertical gust velocitly, ft/sec

wit, ¥ gust velocity field experienced by
airplane as a function of time
and airplane span position

x arbitrary input disturbance

2 arbitrary response

a, vane-indicated angle of attack,
radians

¥ ) coherency function

T.( ), T.( ) span atlenuation fuctors

) trace deflection
€ strain indieation, in./in.
€ strain indication per g as measured
in slow pull-ups
(=322
€9

8 piteh angle, radians

6 pitch veloeity, radians/sec

¥ phase angle by which response
Ings input disturbance

P, power spectral density funetion

v T cross-spectrum density function

o root-mean-square deviation

o root-mean-square reading crror

T time lag, sec

@ frequency, radians/sec

Subseripts:

e waleulated by cross-spectrum
method

8 caleulated by spectrum method

0 nitial value at time 0

F front spar

R rear spat

A bar over a symbol denotes a mean value.
Prewhitened data are indicated by * over a symbol.
The complex conjugate is indicated by an asterisk
and a quantity contaminated by noise is indicated
by a primed symbol. The absolute value of a
complex quantity is indicated by |].

I. DETERMINATION OF FREQUENCY-RESPONSE FUNCTIONS FOR STRAIN *
RESPONSE TO VERTICAL GUSTS

AIRPLANE, INSTRUMENTATION, AND TESTS

The airplance used in the investigation was a
B-47A six-engine jet bomber. For the present
tests, an airspeed measuring boom, a fairing on
the fusclage nose, and an external canopy mounted
atop the fuselage to house an optigraph were
added to the airplane. A photograph of the
airplanc is shown in figure 1, and a three-view
drawing of the airplanc is given in figure 2. The
instrumentation pertinent to this report is shown
in figure 2. The locations of the strain gages are
indicated in inches from the airplane center line
as measured perpendicular to the airstream.
Some of the airplane characteristics pertinent to
the present investigation are given in table L
The estimated wing and fuselage weight distri-
butions applicable to the tests are shown in figure

3. All the fuel Toad is earried in three main and
two auxiliary tanks located within the fusclage.
The estimated spanwise torsional and bending
stiffness distributions are given in figure 4.

The instrumentation included an NACA air-
damped recording accelerometer mounted near
the center of gravity to measure normal accelera-
tion. Electrical wire-resistance strain gages were
installed on the front and rear spars at five
spanwise locations (fig. 2) in order to obtain a
measure of the local wing shear and bending
strains. The strain gages were not calibrated
against known loads, and the strain-gage outputs
are used herein only us local strain indications.
The strain-gage outputs were recorded on multi-
channel oscillographs. A standard NACA pitch-
attitude recorder and a magnetically damped



Fravre T.-—Photograph of test airplane.
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NACA turnmeter were installed near the center
of gravity in order to record the pitch angle and
pitching velocity, respectively. A mass-balunced
metal flow vane was mounted on the nose boom
to measure the angle of attack of the airplane for
use in determining the gust velocities.

Additional instrumentation included a standard
NACA uirspeed-altitude recorder, a stagnation
temperature recorder, and a statoscope. The
statoscope, which is a sensitive pressure altimeter,
was used, as will be discussed later, to check the
vertical velocity of the airplane obtained by
integrating the acceleration record. Control-
position rtecorders were used to measure the
aileron, rudder, and elevator displacements. The
control-position records were used to monitor the
flight records in order to insure that control
movements by the pilot did not significantly
affect the flight measurements during the test
fights 1 rough air. A 16-millimeter motion-
picture camera was used to photograph the fuel
gages at 2-second intervals, and these recordings
were used in determining the weight of the airplane
during the flight tests. A 0.1-second chronometric
timer was used to synchronize all the records.
The natural frequencies, damping, sensitivities,
and film speeds of the various instruments and
recorders are given in table I1.

The data were obtained during level flight in
clear air turbulence at two altitudes (approxi-
mately 5,000 feet and 35,000 fect). The length
of the record samples, the Mach number, weight,
and center-of-gravity position for the two test
runs are summarized in the following table:

Length of ’ } Center-of-
Altitude, record Muach | Weight, © gravity
ft. sample,  number | h : position,
min I | percent ©
5, 000 +.0 0.63 113,000 f 20.0
35, 000 1.5 64 112,000 | 20. 3

The test weights are low weight conditions for
the airplane and do not represent as severe a
gust load condition as a heavier weight. The
piloting techniques used involved slow control
movements to correel for major deviations from
the preseribed altitude and heading; minor devia-
tions were not corrected for by the pilot. This
control procedure approximates an elevator-fixed



EFFECTS OF FLEXIBILITY ON WING STRAINS IN ROUGH AIR 5

TABLE I—PERTINENT PHYSICAL CIIARACTERISTICS AND DIMENSIONS OF TEST ATRPLANE

Total wing aren, sq ft_ e 1, 428
Wing span, ft e 116
Wing aspeet ratio_ oo 9. 43
Wing thickness ratio, percent . _ oo 12
Wing taper Tatio. _ o oo 0. 42
Wing mean acrodynamic chord, in. ____ o 155. 9
Wing sweepback (25-percent-chord line), deg. - 35
Total horizontal-tail area, sq ft_ oo 268
orizontal-tail span, Tt oo 33
Tlorizontal-tail mean acrodynamie chord, in. o - 102. 9
Horizontal-tail sweepback (25-pereent-chord line), deg - 35
Airplane weight:

TFor tests at 5,000 feet, b e 113, 000

For tests at 35,000 feet, W e 112, 000

12x10{° :
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tions. &
condition inasmuch as the power-boost control
system used on the test airplane causes the
control surfaces to be essentially fixed except for
pilot-controlled inputs.
METHODS OF DETERMINING FREQUENCY-
7000 - Main tank RESPONSE FUNCTIONS
10,700 ib ?8'“8 'Olgk Rear tank
s : 9,900 Ib L .
2 6000 One of the basic aims in the present analysis
el - . -
8 50001 of the data was to derive estimates of the airplane
3 4000 strain response characteristics in rough air as
o .
£ 10000 defined by the frequency-response functions. Two
g 2000 methods are known for the determination of the
- airplane frequency-response functions from meas-
& 1,000 ' ‘ b I I 4 L urements of the responses to random and contin-
> bl .
ERRY) o dehm Tl affent s - uous disturbances. These two methods will be
ul ail effec T
-1,000|- (center of gravit referred to as the spectrum and the cross-spectrum
rearward of attachment station) - . . .
JPRoeony AU SR T St i T S VI i R 4 ) methods.  In the present investigation, both
~0 200 400 600 800 000 1,200

methods are used. The spectrum and cross-
spectrum methods are briefly outlined and the

(b) Fuselage. main features of each method are indicated in
Tiarre 3.—Concluded. the lollowing paragraphs.

Fuseloge station, in.
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The spectrum method for the determination of
[requency-response [unctions is based upon the
relation between the power spectrum of the
response ®,(w) of a linear system and of the dis-
turbance ®,(w). (Secref. 9.) From this relation,
the amplitude squared of the frequency-response
function is given by

T () =g )
where
1T (w)]? amplitude squared of frequency-response
function determined by spectrum
method
b, (w) power spectrum of airplane response
®,(w) power speetrum of disturbance or gust

input

The application of this method simply requires
the determination of the power spectrum of the
response ®,(w) and the power spectrum of the
gust input ®,(w). One obvious limitation of
the spectrum method is that no information on
the phase relationship between the input and
output responses is obtained. Phase information
is frequently required in studies involving multiple
disturbances and is also required for the deter-
mination of responses to arbitrary disturbances.

The cross-spectrum method is based upon the
relationship for linear systems between the power
spectrum @,{w) of a random input disturhbance and
the cross-spectrum &,,(w) between the input dis-
turbance and the system response to the disturb-
ance (ref. 9). From this relationship, the fre-
quency-response function is given by the following
expression:

Po(w)
I (w)=="2 2
OB @)
where
®,,(w) cross spectrum between disturbance input
and airplane response
IT.(v) frequency-response function determined

by cross-spectrum method

Both the amplitude and the phase of the fre-
quency-response function 77, (w) are obtained since
®,, is, in general, complex.

The spectrum and cross-spectrum methods
should yield identical results for the amplitudes
of the frequency-response functions if very long
period measurements are available and no ex-
trancous noises are present in the measurements.

547126 —60—2

Tn most practical applications, the available
measurements will be limited and significant noise
sources will be present. These two factors can
seriously affect the reliability of the results ob-
tained with both methods, each to different ex-
tents. In the present applications, noise arises
from several sources, such as instrument inac-
curacies, reading errors, the cffects of other tur-
bulenee components on the airplane responses,
and the effects of spanwise variations in the tur-
bulence. The errors introduced by these types of
noises appear to be large enough to warrant de-
tailed consideration. The second part of this
paper is, in fact, devoted to these problems and
presents an analysis of the errors arising from
these sources.

EVALUATION OF DATA AND RESULTS

The data-reduction procedures used involved
the following steps:

(a) Evaluation of the time histories of the per-
tinent measurements. (The measurements in-
cluded the bending and shear strains at the various
stations, related measurements of airplane accel-
eration, as well as the quantities required for the
determination of the time history of vertical gust
veloeity.)

(b) Evaluation of the power spectra and cross-
spectra for the various quantities.

(c) Determination of the frequency-response
funetion.

The procedures used in each of these steps will
be discussed in order.

EVALUATION OF TIME HISTORIES

Strains.—J\s an indication of the general
characteristics of the records obtained during
flight in rough air, short sections of the time his-
tories of the wing bending strains, shear strains,
and acceleration at the center of gravity for the
low-altitude tests are shown in figure 5. For com-
parison with these responses, the time history of
vertical gust velocity is also shown in the figure;
the method used in determining this time history
is discussed in detail subsequently.

Evaluation of the strain records consisted of
reading the deflection of each of the strain time
histories at 0.05-second intervals. This choice
was based on sampling considerations as discussed
in reference 9 and on the fact that the records
indicate little power at frequencies above 10 cycles
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Fiavre 5.—Portion of time histories of strains, center-of-gravity acceleration, and vertical gust velocity.

per second. The deflections read from the strain
time histories were processed on automatic digital

computers to obtain the ineremental strain
indication from the relation:
6—6

= 3)
where
€ incremental strain indieation
3 trace deflection from reference, in.
P mean trace deflection {from reference, in.
S, trace deflection due to known calibrate

resistance (used to compensate for

minor voltage fluctuations)

Quasi-static reference condition.—In order to
obtain a measure of the effects of siruetural flexi-
bility on the strains at the various stations, a set
of quasi-static reference strain histories is desirable
for comparison with the actual measured strains.
Unfortunately, airplane flight tests cannot provide
any direct basis for obtaining such static strains.
An indirect method of establishing a set of quasi-
static reference strains from the flight-test data
which has frequently been found useful in previous
studies (for example, refs. 5 and 6) is used in the
present analysis.  This method involves two steps:
() determination of the acrodynamic loads applied




EFFECTS OF FLEXIBILITY ON WING STRAINS IN ROUGH AIR

to the airplane, and (b) conversion of these loads
to strains for a quasi-static airplane. For step
(a), use is made of the airplane center-of-gravity
accelerations. In reference 6, it was indicated
that for this airplane the airplane acceleration (as
determined by averaging the local accelerations
over the airplane mass) can be closely approxi-
mated if the effects of the vibrations associated
with the higher frequencies (above 2 cps) are
removed from the center-of-gravity acceleration
measurements. This objective was accomplished
by a visual fairing of the record and is roughly
equivalent to the application of a low-pass filter
with a cutoff at about 2 ¢ps. This faired center-
of-gravity acceleration was then used to provide a
direct measure of the airplane loading. For step
(b), these loads were converted to strains by using
the strains per unit load (per ¢) as measured in
slow pull-up maneuvers at the same weight and
dynamic pressure. The values of strains per g
used were reported in references 6 and 7 and are
given n table ITI. (This procedure essentially
negleets the interaction between the dynamic air-
plane vibrations and the acrodynamic foreces and
assumes that the span load distribution and the
wing and tail contributions in gusts are the same
as in pull-ups.) The strain measurements ob-
tained on this basis may be viewed as an approxi-
mation to the strains that would be obtained for
a pscudo-static airplane, that is, an airplane
restrained from dynamie vibration. Conse-
quently, comparison of the strains obtained on
this basis with the measured strains in rough air
provides a measure of the effects of airplane
dynamie flexibility.

Normalization procedure.—In order to facilitate

TABLE IIT. STRAIN INDICATION PER ¢ AS DETERMINED IN SLOW PULL-UPS TN SMOOTI AIR

9

comparisons between the strain measurements at
the various stations and the strain for the quasi-
static referenee condition, all strain measurements
were normalized by using the strain values per
unit load as measured in pull-ups for the various
stations. The normalized measurements are de-
fined as follows:

6=32.25 (4)

€

where ¢ is the strain indication per g as measured
at the various stations in slow pull-ups at the same
weight and dynamic pressure. The normalized
values of strain indication ¢, may thus be viewed
as having the same units as acceleration, that is,
feet per second per second. The results for the
various power spectra and frequency-response
functions of the strain measurements will be
presented in this form.  This form of presentation
has the special merit of permitting the use of a
single quasi-static reference strain spectrum or
frequency-response function for direet comparison
with the strain responses at the various stations;
it thus also permits direct comparison of the
relative effects of flexibility on the strains for the
various stations.

Vertical-gust velocity.—The method used to
determine the vertical-gust velocity is essentially
that given in reference 10 and is based on flow-
direction vane measurements and involves correc-
tions for airplanc motions. The method of refer-
ence 10 relates the vertical-gust veloeity to the
vane-indicated angle of attack and airplane mo-
tions by the following equation:

w,=Va,— V04w, 116 (5)

€, strain indieation per g for- -

Wing =tation Spar Bending strain at— Shear strain at—
5,600 ft 35,000 ft 5,000 ft 35,000 ft
54 Fronl ... Q. 47 0. 54 015 | ..
54 Rearo_ oL 0. 81 0. 97 0. 50 0. 53
252 Front .. ... __ 0. 45 0.60 | - | e
252 Rear__ . . 0. 43 0. 55 0. 19 0. 29
414 Front ... 0. 42 0. 58 0. 32 0. 42
414 Rear__ . . 0. 51 0. 60 0. 16 0.2C
572 Fromt . _______ . _________. 0. 18 0. 26 0. 43 0. 53
572 Rear_____________________. 0. 25 0. 36 0. 16 0. 21
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where

w, vertical-gust velocity, ft/sec

v airplane forward speed, ft/sec

a, vane-indicated angle of attack, radians

§ pitch angle, radians

W, airplane  vertical velocity, ft/see (the
sign convention of w, is positive up-
ward and is opposite to that used in
ref. 10)

pitching veloceity, radians/sec
{ distance from angle-of-uttack vane to

center of gravity of airplane, ft

Equation (5) is based on the following assump-
tions:

(1) All disturbances arc small.

(2) Bending of the boom which supports the
vane is negligible.

(3) The effects of variations in upwash on the
vane-indicated angle of attack are negligible.

Tn the application of equation (5), a number of
problems are encountered. The piteh-attitude
measurements, as is frequently the case, contained
a slow rate of drift. Tt was therefore decided to
determine @ by integration of measurements of
pitch velocity 4. Tu addition, w, was not measured
directly but was determined by integration of the
center-of-gravity normal acceleration measure-
ments.  The measurements were taken as inere-
ments from the mean values for the whole record.
With these modifications, the actual evaluation
procedures are given by:

! -
= TVle—a)— T f @—B)dt— T8,
Q

+f1(an—a,,)dt+w(,+l(o'—5) 6)
0

Values of the pitehing velocity 6 and the ac-
celeration a, were read at 0.05-second intervals
and the vane-indicated angle of attack a«, at 0.1-
second intervals. The quantities §—@ and a,—a,
were then numerically integrated by use of the
trapezoidal rule. (As discussed in ref. 11, this
method of integration attenuates the higher fre-
quencies; the amount of attenuation in the inte-
grated results increases with increasing frequency.
In the present case, where the integrations were
performed by using 0.05-second-interval readings,
the attenuation is negligible at the lower frequen-
cies, about 5 percent at a frequency of 2.5 eps, and
20 percent at a frequency of 5 eps.) The initial

value of the vertical veloeity of the airplane wy was
estimated from the slope of the pressure altitude
record taken with the statoscope.  As a check on
the integrations, the acceleration a,(f) was mte-
grated twice and compared with the altitude trace
taken with the statoscope. The initial inere-
mental value of the pitech angle 8, could not be
accurately determined and the term was therefore
omitted in the computations. This omission has
a negligible effect on the calculated power spectra
of the gust velocity.

The time history of the vertical-gust velocity
for the 4-miute test flight at 5,000 feet was deter-
mined at time intervals of 0.1 second. For the
high-altitude tests, large-amplitude high-frequency
oscillations of the vane-indicated angle of attack
were present.  The poor quality of the vane record
for these high-altitude tests is apparently the
result of the decrease in acrodynamic damping of
the vane at high altitude. Reliable gust-veloeity
measurements could not be obtained for these data
and thus no use will be made of the gust data for
the high-altitude run. As a consequence, fre-
quency-response functions could not be deter-
mined for this casc.

POWER SPECTRA AND CROSS-SPECTRA DETERMINATIONS

Power spectra.——The procedures used in the
determination of the power spectra and cross-
spectra are essentially the same as those outlined
in reference 9. The power speetrum of a disturb-
ance z(t) is defined by

By(w)—> f Ru(r) cos wr dr 7)
mTJo

where I2.(7) is the autocorrelution function defined

by

T/2
R.(r)=1lim Tl"f r(8)a(t-+7)dt (8)
T3 = -T2

The numerical procedures used for n equally
spaced readings x;, . . . x, involve the estimation
of values of R,(r) for m-+1 evenly spaced values
of 7 from 0 to mAt by

1 "i
Rp:n__'_ quq-g»p (]):0) 1, .. 7n) (9)
P g=1

First raw estimates of the power are obtained by

L,,=-2—A—t > a, R, cos hpx
=0

T p

(h=0,...m) (10)
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where
a,=1 (0-Ip<m)
1
a,=; (p=0, m)

Final or smoothed estimates of the power are then
obtained by

1 1
@0:5 L:Ff‘:z' Lx

1

1 1.,
‘T’n=z Loy +§ ["'+1 Ly (1<hlm—1) (11)

1 1
q)m:a Lm—l+§ Lm
As discussed in reference 9, these estimates are
averages of the power over the frequency range

hw 2r
mAL T mAl

In the actual reduction of the data, the time-
history data for the low-altitude tests were first
divided into two segments, designated hereafter
as samples 1 and 2 and covering the first and
second 2 minutes of flight in rough air, respectively,
in order to have a check on the consistency of the
results.  Power speetra were then obtained of the
measured accelerations a, and the incremental
strain indications ¢, for both samples 1 and 2 of
the low-altitude data.  For the high-altitude data,
no such division was used owing to the short
sample available. The power spectra were de-
termined from 0.05-second-interval readings (A=
0.05) and for a value of m=60. The calculations
thus yielded 61 power estimates uniformly spaced
over the frequeney range of 0 to 10 eps. This
frequency range appears to be suflicient to cover
all the predominant frequencies present in the
various responses.

As an illustration of the consistency of the data,
the power speetra of ¢, for samples 1 and 2 of the
low-altitude tests are plotted in figure 6. The
root-mean-square values of aceeleration o are also
shown in figure 6. Except for a difference in in-
tensity, the two spectra are very similar. A com-
parison of the power spectra of @, for the tests at
5,000 feet and 35,000 feet altitude i1s given in
figure 7. ;

The power spectra of the strains ¢, for the front
and rear spars at various spanwise stations and at
the two altitudes are given in figures 8 and 9 for

100
Sample a
f 3.66
——2 3.20
10 :

Ol 2 4 6 8 10
/, tps

Fiatre 6.—Comparison of power spectra of measured
normal acceleration at center of gravity for two samples.

the bending and shear strains, respectively. (The
results ®(f) presented in figures 8 and 9 are in
terms of the frequeney argument f, where &(f)=
27®(w).) 'The strain speetra shown are for sample
1 inasmuch as the differences between the speetra
for the two samples were, in all cases, small and
similar to the difference between the power spectra
of a, for samples 1 and 2 shown in figure 6. Tn
each case, the power spectrum of the airplane
acceleration (faired center-of-gravity acceleration)
is shown as the quasi-statie reference,
Prewhitening of vertical-gust velocity.—Inas-
much as the power spectra of gust velocity were
expeeted to have a large peak in power at the low
frequencies (based on examination of the gust time
history and previously obtained gust spectra),
the gust time history was filtered or prewhitened
(sce ref. 9) to minimize the possible distortion
of the power spectra from diffusion of power from
the low frequency end to the high frequencies.
In order to reduce the relative power at the low
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Froore 7.—Comparison of power spectra of measured
normal aceeleration at center of gravity for two alti-
tudes.

frequencices, a high pass digital filter was applied
to the time history data of vertical-gust veloeity
w,. The filter used is defined by

W, () =w, () —w,({—At) (12)
where

w, prewhitened gust velocity
At time interval between suceessive values of
w, (0.1 second for present application)
This lincar operation in the time plane cor-
responds {o the multiplication in the frequency
plane by the function

F(w)=1—g tutt (13)

Thus, the Fourier transforms of w,(t) and w,(t)

(denoted by ﬁ'g(w) and W,(w)) arc related by
W,(0) = (i—e= 4 () (14)

The operation involves both an amplification and
phase shift. The relation between the power
spectra of w(t) and 4 (f) is then given by

_ ¥(w)
q)w(w)_'lF(w”? (15)
P ,(w)=_;M,
© 2—2 cos wAt

and must be applied to the power spectrum of
®;(w) In order to recover the desired spectrum
3, (w).

The power spectra of vertical gust velocity for
the two parts of the low-altitude test run are
shown in figure 10 as a further check on the
consisteney of the results.

Cross-spectra. - The cross-spectra between the
verticul-gust velocity and the various airplane
responses were also determined by using the
general procedures outlined in reference 9. The
cross-spectrum between a disturbance 2(f) and
a response z(t) is defined by

Bu(w) = f Ro(r) e-tor dr
Td-w (16)

®,, (w) :C(‘*’) - iQ(w)
where R.(r) i1s the ecross-correlation function;

¢(w) is the cospecirum; and ¢{(w) is the quadrature
spectrum,  These terms are defined by

/2

R, (r)=Hm lf x(t) z(¢+7) dt (a7
Toe T J 12

cos wr dr (18)

2 ® Uz \T er"_
L [Pl el

TJo 2

q(w) 2 }'m = Pel=7) Gt wr dr (19)

The numerical procedures used involved the
determination ol R, (r) at cqually spaced values
of 7 from the n equally spaced readings »,, . . . 7,
and z, . . . 2, by the relation

Iz
Ry=—— 2, %204p

n—7py=1
‘ “(p=—m, —(m—1),...m) (20)
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Fiavre 8.—Power speetra of wing bending strain,
Cospectrum and quadrature spectrum estimates  where
are then obtained by T
Y (1,,_§ (]7:0: m)
At 2 hpr —
a="0 33 4, (R4 R,) cos “2% =1 (p0, m)
T p=0 . m
The smoothing operation given by equation (11)
(h=0,1,...m) (21) o '

At I . hpr
=" DZ:())a,,(R,—]?_p) sin - o=

(h=0,1,...m) (22)

range

for the speetra is also applied to the cross-spec-

trum estimates.

The final estimates also provide

estimates of the average power over the frequency

hr 27

mAL - mAL
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Fiauvre 9.—Power speetra of wing shear strain.

In the application of these relations to the
present data, the prewhitened time history of the
gust velocity was used. The compensation for
this prewhitening thus requires that estimates of
the cross-spectrum be divided by F(—w) (from
eq. (13)) in order to obtain the appropriate results.
Thus, the desired cross-spectrum &,,(w) is obtained
from the cross-spectrum $3,(w) based on the pre-
whitened gust time history by the relation
q)}z(w)

1_eiwAt

b.o(w)= (23)

FREQUENCY-RESPONSE FUNCTIONS

The results obtained from the foregoing pro-
cedures for the required power spectra and cross-
speetra may be used in equations (1) and (2) to
obtain estimates of the frequency-response func-
tions. In terms of the quantitics defined in
equations (11), (21), and (22), these relations

become

T (@)

@), (24
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Fictre 10.—Comparison of power speetra of vertieal
gust velocity for two reeord samples for low-altitude
test.

and

_ e+ Qh2)1/2 -
Wc(w)l——(gzx— (25)

the phase lag Y(«) of the response being given by
¢(w):ta‘n"g~: (26)

h .
where w= These esti-

ma

mates are, of course, for the average over the
respective band widths as was the case for the
individual power spectra and cross-spectra.

Frequency-response functions of the center-of-
gravity acceleration and of the wing strains at
the different stations were caleulated by both the
spectrum and cross-spectrum methods for the Iow-
altitude tests.  As an illustration of the difference
between the frequency-response functions obtained
by the two methods, the two frequency-response
funetions for the center-of-gravity acceleration
are given in figure 11(a). The reasons for the
observed differences are explored in the second
part of this paper and will be discussed in detail
therein,

547126--60 —3

—W, and A=0, 1, . . . m.

3r— 1 T
— N N —
A
§ : Cross-spectrum method, 4] | |
s ; — —— Spectrum method, |{H;] (a)
t
~ i i
a0
3
€4 ] R
<
x
2
0 5 1O 1.5 20 25 30

1, cps

(a) Frequency-responsc funetion estimates.
(b) Frequency-response function estimates adjusted for
cffeets of spanwise variation in turbulence.

Fraure 11.—Comparison of frequency-response function
cstimates for normal acccleration obtained by two
methods.

In general, the analysis of the second part of
this paper indicates that the ecross-spectrum
estimates arc less subject to systematic errors
or distortions arising from a variety of noise
sources. In addition, only the cross-spectrum
methods provide phase information. For these
reasons, only the results obtained by the cross-
spectrum methods are presented.  Figures 12 and
13 present the frequency-response functions ob-
tained for the bending and shear strain responses
at the various stations. These results form the
principal results of the present investigation,
The frequency-response function for the faired
center-of-gravity acceleration, whiclh, as indicated
earlier, is used to represent a reference quasi-
static airplane condition, is also given in each case
for comparison.

Inasmuch as the gust velocity was only deter-
mined at time increments Af of 0.1 second, the
cross-spectra and frequency-response functions
were based on the 0.1-sccond time interval read-
ings and 61 estimates (m=60) were obtained for
the frequency region of 0 to 5 cyecles per second.
As a consequence, there is some distortion arising
from power present above 5 eycles per second due
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Fratre 12.—Frequeney-response functions of wing bending strain

to vertical gust veloeity for front and rear spars at

four spanwise stations.

to “lfoldover” cffects. (See ref. 9.) These dis-
tortions are, however, gencrally negligible below
2 cycles per second and are small between 2 to 3
cycles per sccond. Also, the analysis of part TT
indicates that the results at the higher frequencies,
above 3 cycles per second, are too unreliable for
use. Accordingly, the results shown in figures
12 and 13 are restricted to the frequency region of
0 to 3 ¢ps. For this frequency region, the present
results tend to underestimate the true values by
an amount that inereases with frequency [rom
about 5 percent at 0.3 cps to values in excess of
30 percent above 2 cps.

The frequency-response functions shown in
figures 12 and 13 are based only on caleulations for
sampk 1 in order to reduce the calculation burden.
In a few cases, the frequency-response functions

were also determined for sample 2 in order to
check the consistency of the results. TFigure 14
shows a comparison of the results obtained for
the two samples by the cross-spectrum method
for the case of the normal acceleration response.
The results are seen to be in good agreement, as
might be expected from the sampling theory
considerations of part 11. Equivalent consistent
results were also obtained for several of the strain
responses and thus this reduction in calculation
time was justified.
EFFECTS OF AIRPLANE FLEXIBILITY ON WING

STRUCTURAL STRAINS

POWER SPECTRA OF STRAINS

Examination of the power spectra of bending
strains (fig. 8) for the low-altitude tests indicates
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Fiavre 13.—Frequency-response funetions of wing shear strain to vertieal gust velocity for front and rear spars at four
spanwise stations.

that almost all the strain power is concentrated
at frequencies below about 2 eps for both the front
and rear spars. In this frequency region, the
power appears to be concentrated in three prinei-
pal lobes or peaks: a power peak close to zero
frequency, a second peak at 0.5 eps, and a third
large peak at 1.5 eps. The very low frequency
power peak is largely confined to the outboard
stations and appears to be a reflection of the air-
plane rolling response to side gusts, aileron control
motions, and asymmetries across the airplane span
in the vertical gusts. This peak thus has no re-
lation to airplanc flexibility cffects. The second
power peak at 0.5 cps is associated with the air-
plane short-period mode and is of relatively uni-
form magnitude at the secveral stations. The
small variations in the magnitude of this peak are,
to a large degree, probably associated with minor
inaccuracies in the strain per ¢ values of table ITI

obtained from the pull-up maneuvers. The power
peak at 1.5 eps is a reflection of the airplane first
bending mode. At the inboard station, this peak
i3 not as pronounced as is the short-period power
peak. However, at the midspan stations, the
magnitude of this first bending peak inercases by
a large amount and provides the major contribu-
tion to the strains at these stations.

Comparison of the power spectra of the strains
at the various stations with the reference power
spectrum indicates that the eoffects of flexibility
are principally reflected in large amplifications of
the strain responses in the frequency region of the
fundamental wing-bending mode. At frequencies
above 2 eps, there is some reflection of the effects
of higher structural modes, particularly at the
outboard stations where & moderate power peak
at 4.5 cps can be discerned.  There appears to be
little difference between the power spectra of bend-
ing strain for the front and rear spar.
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Fraure 14.—Comparison of frequency-response functions
of eenter-of-gravity acceleration for two data samples
from low-altitude tests.

In order to obtain a simple overall measure of
the effects of dynamic flexibility on the strains,
the root-mean-square values for the various power
specetra were determined and are shown in figure
8. For this purpose, the power in the peaks of
the spectra for the outboard stations at very low
frequency (below 0.3 cps) was not used inasmuch
as this power appears to be associated with the
airplane lateral response motions and has no bear-
ing on elastic response characteristics. 'The root-
mean-square values are scen to be lowest for the
root station and increase to about twice this value
for the midspan station. Comparing these values
with the root-mean-square values for the reference
condition indicates that the overall amplification
in root-mean-square strain arising from elastic
effects is about 10 percent at the root and increases
to about 100 percent at the midspan stations.

The power speetra for the strains for the high
altitudes (fig. 8(b)) show much the same gencral

characteristics as those observed for the low-alti-
tude data. 'Two observations are worth noting
for the high-altitude data: first, the indication
that the peak in strain power associated with the
first bending mode at a frequency of 1.5 is much
more pronounced in this ease than in the case of
the low-altitude data. This condition indicates
that the dynamic amplification associated with
flexibility is more pronounced at the higher alti-
tudes as a consequence of the lower acrodynamic
damping associated with the reduced dynamie
pressure. A second point of interest is the clear
refleection of a sharp peak in the quasi-static
reference power spectrum. This peak is a reflec-
tion of the increased effect of the first flexible
mode on the center-of-gravity accelerations at the
high altitudes. As a consequence, this spectrum
is not as well suited for a quasi-static reference
condition for determining dynamic amplifications
as was the case for the low-altitude tests.

The root-mean-square strain values for the van-
ous spectra are also shown for the high-altitude
results,  Comparing the values for the wvarious
stations with the root-mean-square value for the
quasi-static reference condition indicates that the
overall strain amplification arising from structural
dynamies is about 20 percent at the root station
and increases to about 100 percent at the midspan
station.

The power spectra of the shear strains of figure
9 show much the same general characteristics as
the bending strains. A number of differences are,
however, worth noting. TFirst, the effects of the
rolling motions on the strain peak close to zero
frequency scem more pronounced in the case of
shear strains than was the case for the bending
strains. In addition, the cffects of the higher
struetural modes are also more evident with indi-
cations of minor strain peaks at frequencies of 2.2,
3.2, and 4.5 eps. Comparison of the strain records
obtained at the inboard stations on the right and
feft wings indicates that the structural modes at
2.2 and 4.5 cps are antisymmetric modes. A final
point worth noting for the shear strain responses
is the large variations between the power spectra
for the front and rear spars at the various stations.
The overall effects of flexibility on the shear
strains as reflected by the root-mean-square strains
appear to follow the same general pattern noted
for the bending strains but display somewhat
larger strain amplifications and a somewhat less
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orderly pattern. The lower value for the root
station than for the reference conditions 1s some-
what unexpected and is believed to be in part a
result of minor inaccuracies in the strain per g
values determined from the pull-up data.

FREQUENCY-RESPONSE FUNCTIONS

The frequeney-response functions of figures 12
ardd 13 serve to indicate in a clearer fashion the
overall effects of the flexibility. Consideration of
the results presented in these figures indicates that
the effects of flexibility show up principally in a
Iarge amplification of strains in the neighborhood
of the first bending mode.  As one considers the
various {requency-response functions from the root
station to the outboard stations, it is clear that
the peak associated with the first flexible mode is
small at the root station but inereases rapidly
The effects of the
first flexible mode appear to be relatively small at
When the results

toward the midspan stations.

the Tarthest outhoard station.
obtained for the phase are considered, it appears
that at low frequeneies the strain responscs are
essentially in phase with the airplane accclera-

tion response.  However, at frequencies above 1
eps. the strain response lags the acceleration re-
sponse by an inereasing amount as the frequency
increases.  Above 2 eps the phase data arc some-
what erratic.  This behavior is believed to be in
part the effeet of the complicated phase behavior
at these frequencies and the lmited reliability of
the results at the higher frequencies.

Tt should be noted that the amplitudes of the
frequency-response funetions given in figures 12
and 13 are, to some degree, contaminated by sys-
tematie errors or distortions resulting from the
presence of noise in the measurements.  The an-
alysis given in part IT indicates the amplitudes
are 1oo low by an amount that varies with fre-
quency, increase slowly from 0 percent at 0 ¢ps
to 5 pereent at 0.3 cps, and then inerease more
rapidly to about 30 pereent at 2 eps and 50 per-
cont at 3 eps.  Adjustments for these distortions
should be made when the present results are
compared with results obtained in other investi-
gations for this airplane.  These adjustments
should also, of course, be used in the caleulations
of the responses of the present airplane to other
gust disturbances.

II. RELTIABILITY OF ESTIMATES OF FREQUENCY-RESPONSE FUNCTIONS OBTAINED
BY RANDOM-PROCESS TECHNIQUES

Tn part T of the present paper, it was indicated
that the frequency-response function //(w) of a
lincar system can be estimated from measure-
ments of the response z(f) of the system fo a
random-input disturbance x(f). TFor this casc,
estimates of the frequency-response function for
the response z(f) to unit sinusoidal disturbances
in z{{) may be determined by either the speetrum
method or the cross-speetrum method as given by
the following expressions:

I 2_‘1):(‘*’) 9

"Is(w)] —¢°,(w) (‘-‘7)
and

_@b,;(w)

@ =355 (28)
where
®,(w),P.(w) power speetra of £(f) and z(f), respec-

tively

$,,(w) cross-spectrum between «(f) and z(f)

Note that only the amplitude of the frequency-
response function may be obtained from the spee-

trum method (eq.(27)) whereas both the amplitude
and phase of the frequency-response function are
obtained from the cross-spectrum method (eq.
(28)). In many applications of these methods,
such as those given in this paper, the relinbility
of the spectra and the frequencey-response funetion
estimates appears {o depend heavily upon the
extenl to which extraneous disturbance factors,
which might be termed noise, are present in the
measurements.  The purpose of this section 1s to
examine the manner in which the estimates
obtained by these two methods are affected by
various types of noises. The types of noises to
be considered include: (a) random errors in ()
and z(#) that might be introduced by instrument
and reading error, (b) effects of extrancous dis-
turbances such as other turbulence components on
the response z(f), and (¢) ecffects of spanwise
variations in the turbulence. TIn general, noises
of these types have two prineipal effects on the
cstimates.  First, noises introduce systematic
errors or distortions in the estimates, and second,
noises give risc to a decrease in the statistical
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reliability or an increase in random sampling
errors. The effects of the various types of noises
on these two types of errors are first established
in a general form. These results are then used
to cstablish the reliability of the estimates of the
frequency-response functions obtained from the
test data.

COHERENCY FUNCTION AND STATISTICAL
RELIABILITY

COHERENCY FUNCTION

Tn the analysis of the relations between any
two random processes x{f) and z(¥), such as the
input gust disturbances and the strain responses
of the present study, the concept of a coherency
function ¥*(w) as defined by

(B () ?

Y@ =F {0} () (29)

is known to play a central role. (See ref. 12.)
The coherency function may be viewed as a
measure of the degree to which two processes are
linearly related. If two processes are in perfect
linear relation, then the coherency function has
a value of unity for all frequencies. At the other
extreme, if two processes are linearly independent,
then the cross-spectrum &,,{w)=0 and likewise
¥ (w)=0. Such uncorrelated processes are
termed incoherent. For two processes which are
only partially linearly related, as is the case when
extraneous noise Is present, the coherency fune-
tion will lie between 0 and 1, the value depending
upon the ratio of the coherent power of the two
processes to the total power as given by equation
(29).

The coherency function can also be expressed
in terms of the quantities 77, and 7I; and from
cquations (27) to (29)

I (w))®

YHw)= T (39)

If the coherency function is cqual to one, the
estimates of the amplitude obtained by the two
methods will be identical. Tlowever, if the co-
hereney function is less than one, the estimates
of the amplitude of the frequency response based
on the spectrum and cross-spectrum  differ.
Either one or both of the estimates may be dis-
torted, the amount of distortion depending upon
the character of the extrancous noise, as will be
scen subsequently.  Thus, the reduction of the

coherency function from the perfect value of unity
provides a danger signal that distortions may be
present in the estimates.  The amount of distor-
tion present, in any given case, depends upon the
character of the noise and whether it affects the
input or output as will be indicated. The effects
of various types of noises are examined in order to
establish their effects on the coherency function
and to cstablish the associated distortions.

STATISTICAL RELIABILITY

The cohereney function is also important in
connection with the magnitude of the sampling
errors. In reference 12, the statistical reliability
of estimates of the frequency-response function is
derived for the case of stationary Gaussian random
processes. The results obtained therein indicate
that the statistical reliability of the estimates
obtained for the frequency-response function
(IT,(w) or Il (w)) depends upon the three basic
quantities: the sample size » or number of readings,
the number of frequency points at which estimates
arc derived m, and the coherency function v*(w)
between the measured input and the measured
response.  Figure 15 is based on the results of
reference 12 and gives the 90-percent confidence
bands for the quantity

T ()i — i1 (w)]

which is the percent error in the amplitude of the
frequency-response function and for the quantity
FE,, the error In the phase angle. These quantitics
permit the establishment of the interval within
which the amplitude and phase angle for the true
frequency-response function A (w) will probably
lie. For example, for »n=1,000, m=60, and
v?=0.90, the pereent error F; in the amplitude is
=+ 15 percent.  Thus,

= 1I]c(w)i_”7(w){ -
—*0.11)<—[[-[W—<0.1-) (32)

with a probability of 90 percent. It follows from
equation (32) that the associated 90-percent
confidence hand for the true value of the amplitude
of the frequency-response function 7/(w) is given
by

0.87 [ ()| < | H ()| <117 [T ()] (33)

The confidence band for the phase angle may also
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Fisrre 15.—Ninety-percent confidenee intervals for amplitude and phase of estimates of frequency-response funetion.

be obtained from figure 15 and is given by the
interval defined by the measured phuase angle plus
and minus I7;, the value obtained from figure 15.
For n=1,000, m=60, and ¥*=0.90, F,=+0.15
radian.

Examination of figure 15 indicates that, for a
given sample size n and a given value of m, the
percent error and thus the width of the confidence
bands increase rapidly as the coherency decreases.
For example, for n=1,000 and m=4060, the pereent
error in amplitude inereases from about £15
percent for 4°=0.90 to +£40 percent at ¥*=0.50
and to +70 percent at 42=0.25. Similarly, the
confidence band for the phase angle increases from
about 40.15 radian at ¥*=0.90 to £+0.75 radian
at ¥*=0.25. Thus, the statistieal reliability of the
results 1s strongly dependent upon the level of
the coherency function.

EFFECTS OF NOISES ON FREQUENCY-RESPONSE
FUNCTION ESTIMATES

ELEMENTARY CASES OF NOISE

The cffects of the presence of noises in the
measured quantities, the input z{f) or the response
z(f), on the spectra, cross-spectra, coherency
functions, and the estimates of the frequeney fune-
tion will be examined in this scction of the paper.
The basic approach to be used will consist of
considering the input and output z{) and z(¢) to

be contaminated by a random noise n(f). Thus,
the contaminated quantities are given by
x () =)+ ()
(34)

2=z +n,()

where n(f) and ny(f) are used to designate a ran-
dom noise in the input and output measurements,
respectively.  The average effect of these noises
on the various quantities may be examined by
substituting the contaminated quantities of equa-
tion (34) for their uncontaminated counterparts
in equations (27), (28), and (29).

Two clementary cases of noise contamination
and their combination are first considered in this
section. These cases are defined by sketches 1(a)
and 1(b).

Case (a): Noise in measured input.—If{ the
input is contaminated by a random noise n,(f), the
following relations exist between the speetra and
cross-speetra involving x(f) and &' (f)

By (@) =P, (w) + &, (@) +2R[P,, ()] (35)
and

Py (w) =P (w) +B, (@) (36)
where the double subscripts are used to designate
the respective cross-spectra and R designates the
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x(2) H z{t)

a(t) —=————=x{t} = x {1} + n{1)

{a)

»—oZ(f)

xinNn——y H — 2" (1) =20t} + ()

/72(/)— B —

(b)

{a) Noise in measured input.
(h) Noize in measured ouiput.

Sketeh f,

real purt of the complex quantity. Thus, both
the input spectrum and the cross-spectrum are
contaminated by noise terms. The frequency-
response function estimates based on the con-
taminated input «’(¢) will in turn yield

. (T)z(w)
P (w)+ B, (@) +2R{ P, (w)]

()= (37)

and

(I).rz<w)+ q)"]z(w)

Ifc(w)=q)z(w)+ (b,zl(w)+2R [Cbrnl(w)]

(38)

It is clear that in both cases the estimates of the
frequency-response function are conlaminated by
noise terms but the noise affects each estimate in a
different manner. In each case, the degree of
contamination depends upon the noise level and
its relation to the input. For the special case of
noise which is incoherent to the input (tbml(w) =0),
a simpler result is obtuined and this case is of
particular interest.  For this case, only the input
spectrum is contaminated; thus

1o ‘I’z(w)
[ ()= @) Br (@) (39)
and
®,.(w) .
A =4 10)+ #0@) (40

If &, (w) <P, (),

()]~ |TT()] [l—f;gj;]

(41)
H () ~ I (w) [1 — 2k

Thus, the degree of contamination at the various
frequencies is proportional to the noise-to-signal
ratio in both cases but is t{wice as large in the
cross-spectrum case as in the spectrum case.
Both estimates tend to underestimate the ampli-
tude of the frequency-response functions. How-
cver, the estimate of the phase obtained by the
cross-spectrum method s unaffeeted sinee both
the real and imaginary terms arc contaminated to
the same degree.

The coherency function for the general case of
noise in the input is given by

2y | (w)+ @, 0 (w) ! o
¥ (“’)“(bz(w){fbr(w)*i &, (w)+ 2R[®;,, (w)]] (42)

which for the case of incoherent noise reduces to

72((4)): ;n (w)
o) (43)

‘T’,” w)

Yw) =1 @:((w)

The reduction in y*{w) thus depends directly on
the ratio of the noise power to the input signal
power.

Note that from equations (39) and (43)

o=y = 1T
7@ =57y VT =5 L@ (44)

Thus, the coherency ratio may be used directly
for this case to adjust for the distortions due to
random and incoherent input noise.

Case (b): Noise in measured output.—For the
case of noise in output, only the spectra involving
the output are contaminated and the estimates
yield
(I)z(w)+q)r:2(w)+2R [q)nzz(w)]

q)z(w)

1 (w) =
(45)
(I).rz(w) + (bmz("-’)

=3
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which, for the case of incoherent noise, reduces to

P w)+ P, (w
P CLANC
(46)
12 170 w) 2 @,,2(w)
T 2= 1T ) 150
and
_ (w)

() =1T(w)

Thus for this case, the cross-spectrum method
yields unbiased estimates of both the amplitude
and phase of the frequency-response Junction
whereas the spectrum estimate of the amplitude
is distorted and overestimated in proportion to the
ratio of noise power to the output signal power.
The coherency lor this case v3(w) 1s given by

:q).r: (w) + cbznz(w) ] ?

) = @ B T % @) L 2R [#,@)]]

(48)

which reduces in the case of a noise which is inco-
herent to the output to

YR Y
v (w)“l+cb,?(w) (492)
()
or
®,,(w)
PWRI=gS (B <) (40h)

where the cohereney is reduced by the ratio of
noise power to output signal power. In this case,
also, uncontaminated estimates may be recovered.

Note that in this ease,

1 (w)=1IT,(w)

, , (50)
()| =v(@)|[11.()!

Noise in both input and output.—If noise
n, () is present in the input and noise ny(f) 1s
present in the output, the estimates obtained are:

@z(w) + (I)nz(w) + 2R [Cbznz(w)]
& (w)+ P, (@) 2R [ &, ()]

(I’:z(w)+ ¢xn2(w) + (I)nlz(w) + qﬂ,,l,,z(w)
@) T Br (@ T 2R [Fory ()]

I (w) =
(51

]Ic(w):

For noises incoherent to the signals and to each
other, these equations reduce to

B,(w)+ B, (@)

[T (w)? ) F, (@)
' (52)
: ®,.(w)
M) =358,

For &, (0)<d,(w) and @,,(w) <P, (w), equations
(52) become

, ' q)ng( ) (bul(w)
ATy FERATCH | RR
h (53)
élll(w)
11.(w) =~ T1(w) [1— e

Equations (53) indicate that the noises may be

“self-balancing in the spectral case whereas only

the input noise affects the cross-spectral case.

Tf significant noises are present in both the input and output, the coherency function is given by

[(bzz(w) +(b1n2(w) +d’n12(w) ‘J(”(T’ulnz(w)lz

which, for the incoherent case, reduces to

or

2(w) f(I) (w)+¢”1<w)+ 2R [® [ rnl] }{q’z(w)+¢,,2(w)+2R [‘i’mz(w)]} (54)
@)= (55)
n| w) q)nz(w)
[+ ][ o]
(bnl((“) (I)nz(w) (:)G)

O TR

547126 —60—4
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for ¢, (w)<®,(w0) and &, (w)<KP,(w), the reduc-
tion in cohereney being in proportion to the sum
of the ratios of noise power to signal power for
both the input and output.

Examination of the results given by equations
(53) to (56) indicates that, in the case of noise
present in both the input and output, uncontami-
nated estimates of 77(w) can no longer be recovered
directly from the contaminated estimates as was
the case for only one noise. Additional informa-
tion on the magnitudes of the two ratios of noise
power to signal power is required for such corree-
tions. Such supplementary information may
sometimes be available to permit corrections for
these distortions to be made. For example, cer-
tain types of film-record reading errors have been
studied and were found to have roughly white
power spectra with root-mean-square reading
errors of about 0.003 inch of film deflection.
Corrections for such effects are actually explored
subsequently in regard to the results given in
part T.

(Tt should be noted that the designation of the
input and output is, from a mathematical view-
point, arbitrary. Thus z(f) may be considered
the input and x(tf) the output for a reversed system.
This procedure moves the noise from the input
to the output or vice versa. However, the results
obtained for the estimates of the frequency-
response function for the reversed system are
equivalent to those obtained for the direct system
when the appropriate corrections for the distor-
tions due to noise are applied.)

The foregoing cases of noise contamination all

lead to significant reductions in the coherency =

function and, aside from their effects in introduc-
ing distortions, also lead to increased statistical
sampling errors as indicated by figure 15.

EFFECT OF ADDITIONAL GUST COMPONENTS

Some airplane responses may be affected by
more than one gust component. For example, in
addition to the vertical component of the tur-
bulence, the longitudinal (head-on) and side com-
ponents of turbulence may sometimes give rise
to significant effects, particularly at low fre-
quencies, on the root bending strains. Sketch 2
indicates the nature of the case to be considered:
where r,, for example, is the vertical gust velocity;
1z, the side or head-on gust velocity; and [I7,

x, (7)
(1) =z(1)+ zp(1)
x,(7) Hy 2,(#)
Sketeh 2
and H, designate the respective frequency-

response functions for responses in 2. This case
will be recognized as a special case of noise in
the output as considered in the previous section.
For sinusoidal disturbances in x () and x:(f) at
a given frequency, the amplitude of the response
in z(f) is given by

Zw) =X ()1 (w) + Xo(w) T () (57)

where Z(w), Xi(«), and X{w) are the Fourier
transforms. Il equations (27) and (28) are
applied to measurements of x,(¢) and z(f) for the
purpose of estimating H,(w), the following expres-
sions for the estimates of the frequency-response
function are obtained:

(@)= TT() "+ )[U 2(w)] 2+‘Pz,( )
[cb,,r._xw)nl*(w)ww)+¢,?,l(w>nz*<w)n,<w>] (58)
and
b, . (w)
H(w)=1T(w)+ ‘I’i,z ) Hy(w) (59)
Thus, both methods lead to contaminated esti-

mates of 71 (w). Other methods of estimating
the frequency response functions are feasible but
require additional study.

For the special case of isotropic turbulence

b1 (w)=0, the results reduce to
‘ o Pr(@)
T (@)[* =T (w)] 2+~~( ;! HT(w)?  (60)
and
I (w)=11,() (61)

Thus, the spectrum case yields biased estimates
which are too high by an amount that depends

he product of the ratios of S and
upon the product ol the ratios o @Il(w) and
}172(@)[2 .
———— The eross-spectrum method yields an
T P Ve
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unbiased estimate and is clearly to be preferred under these circumstances.
The coherency function y*(w) for this case is given by

[0z, ()T (w0) + Py, () T (w) 2

Hw)= : . > g , . 62
Y o @ T 8, () T () P ) T () 1) T @I @I @] (O
which in the incoherent ecase, which applies to isotropie turbulence, reduces to
V()= S
‘I’Iz(w)_ [I1,(w)] (63)
(I)Zl(w) IFII(LU)F
Thus, in order to insure high cohereney, it is necessary that
Py () [T (@) [ &,y (w) [ Hy () (64)

or that the predominant part of the response in z(¢) arises from the disturbance x,(f).

TWO-DIMENSIONAL TURBULENCE

If the wertical turbulence varies across the
airplane span or is two-dimensional w(fy) and
equations (27) and (28) are applied to measure-
ments of a response z(f) and the gust input
measured at a point, for example, on the airplane
center line w(t,0), then serious distortion in the
estimates of the frequency-response function may
be introduced. As indicated in reference 8, the
estimates /7, (w)* and I.(w) in this casc are
defined by

T (w) ?

b2 B/2
f f B o(w,tra— 1) Tw,s) IT(o,02) Ay dy,
— —b/2 —-b/2

P u(w,0)
(65)
and
b/2
7 @uto) Hay) dy
_J-m2
H (w)= B u(w,0) (66)
where
b airplane span
B, (w,y) cross-spectrum  between  vertical-

gust velocities al stations 0
and y

cross-spectrum  between gust ve-
locity at span positions y,
and y, for isotropic turbulence

influence frequency-response func-
tion designating the airplane
response to unit sinusoidal gusts

at station y

&, (w,12— )

I (w,y)

Thus, for the case of two-dimensional turbulence,
equations (65) and (66) yield average forms of the
influence-type function F{wy) where the aver-
aging differs in the two cases and depends upon the
span, the gust spectrum, and the variations with
y of the influence functions H(w,y). Tt is clear
that, if spanwise variations in turbulence exist,
the estimates for the frequency-response function
IT{(w) for gusts uniform across the span can be
seriously distorted.

A rough estimate of the effects of these spanwise
variations in turbulence on the estimates of 77(w)
was derived in reference 8 and is repeated herein
in order to indicate the order of magnitude of the
distortions that may be expected from this source.
For this purpose, it is assumed that

H(wy) = ()T (y) (67)

where 7{(w) is the response to unit sinusoidal gusts
that are uniform across the span and T'(y) may
be viewed as a span-position weighting factor

b/2
(f I‘(y)dy:])— This assumption is an over-
—b/2

simplification but serves the present purpose of
assessing the magnitude of the spanwise effects.
Substituting equation (67) into equations (63)
and (66) yields

1) |=TT()]T) ()

- (68)
I, (w)=1T ()T, (w)
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where

b2 b2

J &, (0,5:—y) T (1) T (y2) dydys

T2 __J =b/2J —b/2
T (w)%_ q’w(w 0)

*h/2
| ey
I‘Z(w)zl ~b/2 @ (w 0)

(69)

The quantities T,(«) and Ta(w) given by equation
(69) were evaluated for an assumed spectrum for
isotropic atmospheric turbulence and a uniform
variation of T'(y) on the basis of results given in
reference 13. A value of 0.1 was assumed for the
rutio of the airplane span & to the scale of tur-
bulence L. The results obtained are shown in
figure 16 and are an indication of the distortions
in estimating 7T{w) due to the spanwise variations
in turbulence that may be expected for the two
methods. Note that phase estimates obtained
by the cross-spectral method are not affected by
the spanwise variations in turbulence.

The results shown in figure 16 for Ti(w) and
T.(w) were applied to the estimates of the fre-
quency-response function for the center-of-gravity
normal acceleration obtained by the spectrum
and cross-spectrum methods (see fig. 11(a)).  The
adjusted results are shown in figure 11(b). The
close agreement between the two adjusted results
between the frequencies of about 0.25 and 2
cycles per second lends credence to the foregoing
argument on span effects and implies that the
spanwise variations in the turbulence are the
principal source of distortion in the estimates
over this frequency region. At the lower and
higher frequencies, other factors may also affect
the estimatcs.

The coherency function between the gust
velocity w(t,0) and the response can be obtained

1O —
< 8 T - l - —-'-?—_
N :
Q| Se— r‘(f) b/t =01 — B E—
= ———Tpn )
I R R

o] R4 1.0 1.5 2.0 25 3.0

7, cps

Ficure 16.—Span averaging functions Ty(f) and IL()).

from equations (29), (30), and (68) and is given by

T2 (w)

P o

v (w)=

From the results of figure 16, it can be seen that
v3(w) has a value of 1 at zero frequency and
decreases to about 0.90 at 1 cps and to about
0.80 at 3 cps.

More detailed information on the function
II(w,) unfortunately cannot be recovered from
measurements of turbulence restricted to w(t,0)
but requires more complete measurements of

w(t,y). If the turbulence is measured at stations
Y, Ya, - - - ¥, along the span, for a given fre-

quency the following relation applies between the
Fourier transforms of the response and the gust
inputs at the various span positions.

Z(@)=W{(w,y) Hloy)+ . . .
+ W (wy,) ey, (1)

This relation leads to the following linear rela-
tions for the cross-spectra between the various
gust inputs and the response @, ,.(w):

wu‘iz(w):fg ooy (@) T, 70)
(i=1,2,...p ((72)

where ®, ., (@) is the cross-spectrum between the
gust inputs at stations y; and y,. Measurements
of &, .(w) and &, (w) may in principle be used
in these p linear equations to solve for the p func-
tions I (w,y,) representing the frequency-response
function of the system to unit sinusoidal gusts at
position y:. The application of equation (72)
would presumably require long sample times inas-
much as the individual coherency functions be-
tween the gust velocities w(t,y) and z(¢) would be
low. Another condition on this approach is the
requirement for significant spanwise variations in
the turbulence. These variations may be difficult
to obtain in flight tests but are perhaps easier to
realize in wind-tunnel tests,

RELIABILITY OF PRESENT TEST RESULTS

Tn this section of the paper, the preceding
analysis is applicd in assessing the reliability of
the test results of part T. For this purpose, various
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noises believed to be present in the measurements
are examined and their effects on the coherency,
power spectra, and frequeney-response functions
are evaluated. The principal aim of this assess-
ment is to establish the magnitude of the possible
bias or distortion introduced in the frequency-
response functions and to determine their statis-
tical sampling reliability.

The analysis indicates that the coherency func-
tions between the gust input and the strain re-
sponses provide an indication of the possible
presence of distortions arising from noise and also
control the size of the sampling error. For these
reasons, the discussion will commence with an
examination of the noisc sources that may be ex-
pected to yield reductions in the coherency func-
tion. It will be helpful in reading the following
material to keep in mind that noise in either the
input or output reduces the coherency. How-
ever, only input noises introduce distortions in the
frequency-response {unctions obtained by the
cross-spectral method which will be of principal
concern. kstimates of the reduction in coherency

function due to various noise sources are derived.
These estimates for the coherency function are

then compared with the values of coherency de-
termined directly from the test measurements as
a check on the consistency of this analysis with
the test data. The magnitudes of the associated
distortions in the measured frequency-response

functions and the sampling errors are then con-
sidered,
COHERENCY FUNCTION

The principal noise sources giving rise to re-
ductions in coherency and bias in the present
frequency-response functions are believed to be
the following:

(a) Tnstrument errors

(b) Record reading crrors

(¢) Extrancous disturbances

(1) Longitudinal (head-on) gusts

(2) Lateral (side) gusts

(3) Spanwise variations in vertical turbulence

(4) Pilot control motions.
A crude assessment of the effects of these noise
sources was made and indicates that each of these
factors might be expected to yield significant
reductions in the coherency functions at least
over a part of the frequeney range of concern.
The magnitude of these reductions in coherency
between the gust velocity and the various strain
responses varied somewhat inasmuch as these
reductions, in general, depend upon the ratio of
the power spectrum of the strain response (or
input) arising from the noise source to the uncon-
taminated power spectrum of the strain (or input).
Representative or average values for the percent
reductions in the coherency arising from each
noise source are shown in the following table:

Tistimated pereent reduetions in the cohereney
funetions by noise source for frequencies of -—
Noise source ’

<0.3 ¢ps 03to2cps ' 2103 cps >3 cps
Tnstrument errors.. oo ______________ ____._ S ? ?
Reading errors. . ___..__ 0 0to 10 10 to 25 25
Side gusts_ .. oi._. 200 | ol | aiaooo_- -
Head-on gusts_ . ____ . ____________________. 10 10 10 10
Spanwise gust variations__ . __ .. ________________ 10 5 t0 20 20 to 30 30
Pilot control motions__________ _____________.____.. 10 | oo | oo_o____ -
Total ... 50 15 to 40 40 to 65 65

where the dashed lines indicate a negligible re-
duction.

Of the six noise sources listed in the

table, three (side gusts, head-on gusts, and con-
trol motions) are believed to affect only the out-
put measurements whereas the other three affect
both the input and output, and the noise in both

was considered. The overall reductions shown
in the last row of the table are obtained simply
by an addition of the reductions due to individual
errors, 1t is worth noting some of the consid-
erations involved in arriving at the estimates for
the individual values given in the table.
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The instrument errors were generally considered
to be negligible except for frequencies above 3 ¢ps.
Asindicated by the instrument characteristics given
in table TI, most of the instruments employed, as
well as the recorders, had high natural frequencies
above 10 cps and high damping. The frequency-
response functions for all instruments were thus
essentially flat to 5 cps for most of the important
instruments. Phase shifts introduced by the
instruments were sufficiently small to be con-
sidered negligible, below 2 or 3 ¢ps.  The overall
accuracy values quoted in table TT for the various
measurements are based upon static and dynamic
bench tests of the recorders. Tn general, the
accuracies quoted were below the levels of the
reading error.

One exception to this satisfactory instrument
situation is the vane measurements of angle of
attack, Measurements of the angle of attack
indicated a noticeable oscillation at about 6 eps
which appears to be associated with the natural
bending frequency of the boom. The level of
this oscillation was sufficiently high to mask the
angle-of-attack variations al frequencies above 3
cps for low-altitude tests and at even lower
frequencies at high altitudes. As a consequence,
the high-altitude gust data were not used and the
Jow-altitude gust data are considered suspect at
frequencies above 3 cps and possibly also between
2 and 3 eps. No quantitative estimates could be
made for this effect, and for this reason the table
shows a question mark for the higher frequencies.
Fortunately, in most cases, the strain responses
above 2 cps were small and therefore this limita-
tion is not too serious for the low-altitude tests.

When the effects of reading errors were con-
sidered, estimates of the power spectrum and the
root-mean-square value of the reading error were
obtained by determining the power spectra of the
differences between repeated readings of some of
the present records.  The results obtained indicate
that the power spectrum of the reading error was
flat over most of the frequency range with a root-
mean-square value of 0.003 inch of film deflection.
This result is in agreement with results obtained
in other investigations.  There was some evidence
to suggest that the method of reading which in-
volved periodic adjustment of a reference level
introduces additional power to the spectrum of
reading error at the lower [requencies. The
magnitude of the additional error is difficult to

specifly and appears to vary widely. Except for
this condition at the very low frequencies, the
effects of reading error can be estimated reasonably
well.

The estimated root-mean-square values of the
reading ecrror for the various quantities are
summarized in table TV and indicate that in
almost all cases the root-mean-square reading
error o, was less than 10 pereent of the true root-
mean-square value for the quantity. Inasmuch
as a root-mean-square reading error of 10 percent
of the true root-mean-square value yiclds only a
one-half pereent increase in the measured root-
mean-square value, the effects of the reading error
on the rool-mean-square values are negligible, as
can be seen from the results of table IV. The
amplification A shown in this table of the true
root-mean-square value ¢, duc o reading error
indicates that in almost every case the error is
less than about 1 percent.

Although the reading error has a small effect on
the root-mean-square values, the ratio of the
power spectrum of the reading error to the power
speetrum of the uncontaminated strains appears
to be sizeable at the higher frequencies for most
of the measurements. The associated reduction
in coherency may, therefore, be expected to be
large at the higher frequencies in many cases.
For the strain and acceleration measurements,
the effects of reading error appear to be negligible
over the frequeney region from 0 to 2 eps. At
higher frequencies, these errors become more
important because of the lower power levels for
the responses and the flat character of the reading-
error spectrum. A reduction of about 5 pereent
at 3 cps is estimated to arise from this source.
At higher frequencies, the reduction may be ex-
pected 1o increase rapidly.

The effects of reading errors on the gust velocity
also appear to be significant. The rapid decrease
with frequency in the spectra of both the gust
velocity and the vane angle-of-attack error and
the low sensitivity of the vane (Mo inch of film
deflection per degree angle-of-attack change) re-
sult in relatively high values for the ratios of the
noise power to signal power at the higher frequen-
cies.  For the vane angle-of-attack measurements,
this ratio is estimated 1o increase slowly with
frequency to 0.1 at 2 eps but then it increases
rapidly to 0.20 ut 3 e¢ps and to higher values at
frequencies above 3 eps.  The values given in the
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TABLE IV.—AMPLIFICATION OF ROOT-MEAN-SQUARE VALUES DUE TO RECORD READINCG

ERRORS
a. Pereent amplification,
100 P at - 1004 at—
Meuasurement Station Spar (™ =
5,000 ft : 35,000 fv | 5,000 ft 35,000 ft

34 , Front__ ... . . ‘ 1.3 8. 6 0. 09 0. 37

54 , Rear_.__ . o 2.5 16 0. 03 0. 11

252 Front.. . ____________. ; 3.8 4.6 0.07 0. 11

Bending strain_ ... _______ 252 Rear___ .. ... ___ ; 3.9 4.9 0. 08 0.12
114 Front I 2.5 35 0. 03 0. 06

414 Rear________ .. oo 2.5 3.1 0. 03 0. 06

572 , Front__.._..._ ... . __ 1.7 11. 8 0. 68 0. 70

572 Rear__._ . 9.5 7.4 0. 15 0.27
54 Front. .. _________ X 6.6 . ______ 0.22  ______

54 i Rear.__ . ‘ 33 11.3 0. 05 0. 64
252 , Front. ... e S L

Shear strain______________ 252 Rear__________________. 11.9 7.1 0. 71 0. 25
114 Front. _______.__ 3.5 0.4 0. 06 0. 44

414 Rear_.. ... ___ 5.6 8.1 0. 15 0. 33

572 Front____.____________. 7.1 3.2 0. 25 0. 05

h72 | Rear .. _____.____. 1+ 5 8 8 I. 05 0. 39

Aceeleration_._________.___ Center of gravity . oo ___________ 2.6 50 0. 03 0. 11

1 oo \? \ .
*meas™ irae | 145 ——) =oerue(1+4) where A=

Tirue

preceding table represent estimates of the com-
bined effeets of the reading errors in the input and
output measurements,.

The airplane wing strain responses to side gusts
and head-on gusts can normully be expected to be
small except at very low frequencies.  (For iso-
tropic turbulence, which approximates atmos-
pheric conditions, the strains from these sources
can be expected to be incoherent with the strains
arising from vertical gusts.)) For the side gust
case, significant strain responses may be exeited
in the neighborhood of the Dutch roll mode of the
airplane which, in this case, was centered at
about 0.16 eps.  These effects can be expected to
be more pronounced at the outboard stations.
The airplane strain responses to head-on gusts are
likewise generally small except possibly at fre-
quencies in the neighborhood of the airplane
phugoid oscillation. Rough estimates of the
magnitude of these responses were used with
equation (63) to arrive at the estimates shown in
the foregoing table.

The effeets of spanwise variations in the tur-
bulence on the strains are difficult to evaluate

AT
2 Ttrue

accurately. The erude analysis developed for
the spanwise effects is, however, believed to yield
estimates of at least the order of magnitude of
these effects on the coherency between the ver-
tical gust velocity and the strain and acceleration
responses.  The value in the table is based on the
results in figure 16 and cquation (70). These
estimates should apply best to the root strains
and center-of-gravity acceleration beeause of the
assumptions in their derivation.  In addition, an
arbitrary value of 10 pereent is given in the table
for the very low frequencies to account for the
contributions to the strains arising from asym-
metries in the vertical turbulence.

The effects of control motions were evaluated
by an examination of the records obtained with
the control-position recorders. Tn the overall,
the pilots made infrequent use of the control
surfaces during the gust tests. The control
motions were largely restricted to a few aileron
control movements, presumably to correct for
deviations in the airplane roll attitude. These
control motions were, in general, slowly applied
and are not believed to affect the coherency
functions at frequencies above 3/10 eps.
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Tn order to determine how well the foregoing
estimates approximate the actual conditions,
figure 17 shows a comparison of representative
cohereney functions obtained directly from the
test measurements with those given by the results
of the foregoing table. Figure 17 shows the
measured cohereney function between the gust
input and the outputs of normal acceleration and
strains at two stations. For this comparison,
a smooth curve was used to approximate the
variations of the coherency funetion with fre-
quency given by the table.  In general, the esti-
mates derived appear to approximate the general
character of the measured results with a low
coherency below 0.30 eps, a relatively high coher-
ency level of 70 to 90 percent between 0.3 eps and
2 cps, and a rapid reduction at the higher fre-
quencies.  This consisteney implies that the noise
structure in the measurements has been approxi-
mated reasonably well by the analysis. The
distortions introduced in the frequency-response
functions by this noise structure are considered
next.

DISTORTIONS IN MEASURED FREQUENCY-RESPONSE
FUNCTIONS

The analysis of the contributions of the various
noise sources to the reduetion in coherency pro-
vides a basis for estimating the bias or distortion
in the frequency response arising from these noise
sources. The analysis has indicated that inco-
herent noise sources in the output introduce no
significant distortions in the cross-spectral esti-
mates of the frequency-response function.  Thus,
it may be expected that effects of side gusts,
head-on gusts, and control motions do not signifi-
cantly affect the frequency-responsc functions

Coherency between vertical

Estimated Measured gust velocity and -
Center - of - gravity acceleration
- Bending st‘ronn Front spar, Sta. 54
————  Shear strain
1o
8 —
< 6
o~
~ 4
2
C

Ficrre 17.—Comparison of estimated coherency func-
tions between vertical gust veloeity and  airplane
responses with measured results.

obtained by the cross-spectrum method.  This
conclusion is particularly applicable to frequencies
above 0.30 ¢ps, where present concern is centered,
and is perhaps subject to some question at lower
frequencies.

The remaining three sourees of noise, instrument.
errors, reading errors, and spanwise gust variations,
do however affect the input measurements and,
on the basis of the preceding analysis, may be
expeeted to introduce distortions in the estimated
frequency-response  functions.  The  prineipal
source of instrument error was associated with
the effects of vibrations of the boom on the angle-of-
attack measurements.  No quantitative measure
of the distortions due to this source could he given
although it does not appear likely that these
vibrations yiclded any appreciable error at fre-
quencies below 2 eyeles per second.

The reading errors in the gust determination
and spanwise variations of turbulence appear to
give rise to significant distortions in the estimated
frequency-response  functions, Based on  the
analysis of the reductions in the coherency
function given in the table, it is estimated that
the amplitudes of the frequency-response functions
obtained by the cross-spectral method are too
low by the percentages given in the following
table for the two sources:

Percentage error in amplitude
for frequencies of-—
Source
<03 ] 031020 2.0t03.0
cps PR eps
Reading errors_ .. 0 0 to 10 10 to 20
Spanwise gust

variations . ... 0 5 to 20 20 to 30
Total ______ 0 510 30 l 30 to 50

These values are crude estimates but are believed
to approximate the actual situation, at least for
frequencies between 0.3 and 2 ¢ps. At frequencies
between 2 and 3 cps, the strain responses are,
in general, very low and thus the large under-
estimation is not too important, These estimates
of the distortion should be applied to the present
results (figs. 12 and 13) in order to make direct
quantitative comparisons with results obtained
in other studies. Tt is felt that these distortions
apply about equally well to the acceleration
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responses which are used as reference conditions;
thus, these distortions do mnot affect internal
comparisons aimed at establishing the magnitude
of the flexibility effects.

The distortion in estimates of the frequency-
response funetion obtained by the spectral method
may also be derived on the basis of the preceding
analysis. These distortions, in general, would
appear to be larger for the spectrum case, particu-
larly at low frequencies, inasmuch as the distor-
tions arising from side gusts, head-on gusts, and
control motions would have to be considered in
greater detail.  In addition, reading errors in the
output measurements will also give rise to distor-
tion in the spectrum case whereas in the cross-
spectrum case no distortion due to this source
oceurs. The larger distortions and the difficulty
of estimating their magnitudes accurately in the
spectral  method  contribute to making  this
technique a less satisfactory one than the eross-
speetral technique.

The results of figure 11(b), in which the esti-
mates of the frequency-response function obtained
by the two methods are adjusted for effects of the
spanwise variations in turbulence, show good
agreement between frequencies of 0.30 eps to 2
eps.  This good agreement implies that the span-
wise variations in turbulence are the principal
sources of noise error in this frequency region.
The discrepancies at both lower and higher fre-
quencies in figure 11(b) are attributed to the
effeets of the lateral motions and pilot control
motions for the low frequencies and the effects of
reading errors and instrument errors, particularly
in the input, for the very high frequencies.

STATISTICAL SAMPLING ERRORS

In order to estimate the statistical reliability of
the measured frequency-response functions, the
measured coherency functions and the charts in
figure 15 were used to derive 90-percent confidence
intervals for the frequency-response functions.
Figure 18 illustrates typical results obtained and
shows the confidence bands for the center-of- grav-
ity acccleration response and the bending-strain
response at the front spar at station 54.  Examina-
tion of figure 18 indicates that, except for the very
low and very high frequencies, the amplitudes are
reliable to within about 420 percent of the meas-
ured value. At the extreme frequencies (below
0.30 ¢ps and nbove about 1.80 eps) the amplitudes
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Fiaure 18. —Statistieal reliability of frequency-response
functions of center-of-gravity acceleration and bending
strain to vertical gust veloeity.

are far less reliable because of the lower coherency
at these frequencies and in some cases are, in fuet,
so large as to suggest that reliable estimates
cannot be obtained in these frequency regions.
The phase angles also appear to be very reliable
with the confidence bands less than £10° about
the measured values for frequencies between about
0.30 and 2 eps. At the higher and lower frequen-
cies, the confidence bands for the phase angle are
also considerably increased because of the lower
coherency.

A further verification of the statistical relia-
bility of the present results is indicated by the
consistency of the results obtained from the inde-
pendent estimates made from the two 2-minute
samples as illustrated by the results for the center-
of-gravity acceleration shown in figure 14.

COMMENTS ON RANDOM-PROCESS TECHNIQUES
OF FREQUENCY-RESPONSE DETERMINATION

A few comments appear to be warranted on the
random-process techniques as employed in this
study for the determination of airplane frequency-
response functions. The results obtained in the
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Ficure 18.---Coucluded.

present study indicate that reasonably reliable
frequency-response functions for airplane re-
sponses to rough air may be obtained from [ull-
seale flight tests in continuous turbulence. Two
methods were employed for this purpose --the
spectral method and the ecross-spectral metheod.
The cross-speetral method definitely appears to be
preferable, inasmuch as the results obtained with
this method are affected less by extrancous is-
turbances, particularly disturbances affecting the
output measurements. These are of particular
significance for atmospherie turbulence problems
inasmuch as the lateral and longitudinal compo-
nents of turbulenee are always present. In ad-
dition, only the cross-spectral method provides
phase information.

The analysis indicates that great care is required
in the application of random-process techniques
in frequency-response determinations and in the
interpretation of the results. Extrancous noises

may seriously affect the reliability of the results
by introducing distortions and by limiting the
statistical reliability of the results.  In the present
investigation, the significant noise sources were
reading errors, extraneous gust components, span-
wise variations in turbulence, and pilot control
motions. Tor the lower frequencies, which were
of particular concern in the present investigation,
these noises did not give rise to scrious distortions.
Tn addition, it appears possible to estimate the
magnitude of the distortions and to correet for
them by using the methods developed herein.
For the higher frequencies, the effects of these
noises were more serious and, in fact, did not per-
mit reliable results to be obtained. Fortunately,
the higher frequencies were of only minor concern
in the present study.

Improvements in the reliability of the results
can be obtained by a number of precautions.
These include improvements in instrumentation,
particularly in regard to increased sensitivity and
wlequate frequeney response.  Efforts to obtain
more intense levels of gust input disturbance will
also be beneficial.  The statistical samphing errors
do not appear to be too serious a difficulty. In
the present investigation, samples of 2-minute
duration Iead to statistical or sampling uncertainty
of about 10 to 20 pereent for the lower frequencies.
The magnitude of these uncertainties ean, of
course, be reduced by cither longer sampling du-
rations, achievement of higher coherencies, or by
averaging estimates over a wider frequeney band.

The results obtained in the present investigation
suggest that the use of random disturbanee inputs
may also prove to be practical in experimental
frequeney-response determinations for responses
to other types of disturbances than gust disturb-
ances; for example, control surface motions and
acoustic disturbances. The use of random inputs
for these purposes can provide substantial redue-
tion in testing time when compared with conven-
tional techniques involving sinusoidal inputs.  As
compared with discrete pulse techniques which
arc frequently used for this purpose, the random-
input techniques appear to provide equivalent
levels of aceuracy. In addition, they may offer
a number of practical advantages. These include
the ability to control the effects of extrancous
disturbances and a more realistic representation
of the character of actual disturbance functions
met in practice.
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CONCLUDING REMARKS

The foregoing analysis of the strain responses
of a large swept-wing airplane in rough air has
indicated that the wing-bending and shear-strain
responses at the various stations are amplified by
rather large amounts beecause of the dynamic
responses of the structure.  The amount of ampli-
fication in the bending strains was about 10 to 20
pereent at the root stations but increased to
values in exeess of 100 percent in some cases at
the midspan stations. The shear strains showed
a similar pattern across the airplane span but also
indicate larger variations between the front and
rear spar stations. The large variations in strain
responses across the airplane span indicate that
the strain distributions in gusts are very different
under rough-air loading conditions than under the
usual maneuver loadings and warrant detailed
and separate consideration in design.  In general,
the predominant source of strain amplification
was associated with the excitation of the funda-
mental wing-bending mode. However, at the
outboard stations and particularly in the case of

the shear strains, significant contributions to the
strains arise from the higher symmetrical and
antisymmetrical vibration modes. Thus, the
effeets of these higher modes on the strains may
also have to be considered in stress caleulations,
depending upon the degree of accuracy required.
A detailed analysis of the reliability of fre-
quency-response function estimates obtained by
random-process techniques, particularly as affected
by extrancous noise, was given. The effects of
such noises In giving rise to systematic errors or
distortions and random sampling crrors were ex-
plored and results of general applicability ob-
tained. These results were also applied to the
present test data in order to establish thetr relia-
bility and to derive adjustments for the distor-
tions. The important result obtained is the indi-
cation that with appropriate precautions flight
tests in rough air of a few minutes duration may
be used to obtain reliable estimates of airplane
frequency-response functions.
LancrLeEYy ResmEarcH CENTER,

NATIONAL AERONATUTICS AND SPACE ADMINISTRATION,
Lancrey Fienn, Va,, March 18, 1958.
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